Abstract-Constrained optimal control problem of unmanned aerial vehicle (UAV) which is also called aerial robotics is studied in this paper. The nonlinear system of small unmanned helicopter with bounded disturbance is abstracted and modeled by PWA hybrid systems model. As the complexity on-line computation for a class of large hybrid systems, an explicit optimal controller for hybrid systems based on multi-parametric quadratic programming (mp-QP) is proposed. The feasible domain which is the maximal controlled invariant sets for hybrid systems is partitioned in backward dynamic programming by mp-QP method. At each step, one step reachable sets are computed, optimal control laws are constructed to the corresponding regions, and the explicit optimal controller is obtained. Finally simulation results verify the effectiveness of the proposed control method.
I. INTRODUCTION
Aerial Robotics (Unmanned helicopter) which is also called unmanned aerial vehicles (UAV), plays important roles in the application of monitor, rescue and aerial photograph. There has been a great deal of interests in the study of unmanned helicopter in the last decade [1] .
As the UAV model is a complex high order nonlinear system and the variety of flying environment, the controller is difficult to design. It is common to design double closed loops controller for autonomous helicopter, inner loop for the attitude and outer loop for the trajectory [1] . A linear quadratic regulator is design in the study of Hu and Yue [2] [3] [4] [5] . After modeled by hybrid system, Li designed a model predictive controller of UAV [6] . However, the study of optimal performance and the real time control are still the important points for the UAV.
In this paper, based on the study before, the nonlinear unmanned helicopter is modeled by hybrid systems on the states of hover and forward flying. In the flying envelop of the UAV system, maximal invariant set is computed for the attitude as the feasible domain. In the security area, an explicit optimal algorithm is designed for the UAV controller by back-step dynamic program, the performance of real time is guaranteed. In the optimal control, on step multi-parametric program method is extended to hybrid system. Optimal control problem is resolved by multi efficient domains and sub-systems multi-parametric program, one back-step reachable sets is computed, and the explicit relation of optimal control and systems states is constructed. Different from the paper [7] , bounded disturbance is considered in the invariant set computing and controller design.
The rest of this paper is organized as follow: the hybrid model of unmanned helicopter with bounded disturbance is described in Section 2, then the invariant set is introduced in Section3, the optimal controller is designed in Section 4, followed by some simulation in the next Section. Conclusions and further discussion are given in Section 6.
II. HYBRID SYSTEMS MODEL OF UAV

A. Nonlinear model of UAV
This work was supported by the National Natural Science foundation of China (60673008, 60973100, 60903114). Corresponding author Jian-qiang Li : lijq@szu.edu.cn The system of unmanned helicopter is shown in Fig.1 , which contains 11 states and 4 control inputs, the nonlinear dynamic is given as follow [2] :
In equation (1) This paper mainly studies the states of hover and the forward speed of 3m/s. The equivalent points is trimming calculated first, the control input and attitudes are computed at trim state as given the fly condition. The constant linear flight is discussed, so the force and torque are at balance condition. Acceleration, angular velocity, and angular acceleration are equal to zero, then the trimming equations can be constructed, the trimming value also can be calculated.
C. Hybrid systems model
For UAV, several mode can be constructed as Fig.2 , states of hover and 3m/s forward speed is considered in this paper. At the equivalent points of hover and 3m/s forward speed, the nonlinear model is linearized first. (3) l outputs can be selected for the nonlinear system, and the corresponding equivalent points are calculated. By Jacobi linearization, linear model can be obtained at the equivalent points [2] . At the equivalent points ( , , )
x u y , the form of linear model i σ can be described as follow [8] :
, rigid body assumption is considered to resolve the problem that the swing angle can not be measured. The differential equation of swing angle is replaced by stable relation. As the horizontal plane of unmanned helicopter is studied in this paper, the six degrees of freedom can abstracted to three degrees of freedom model. The longitudinal variables of model are set to zero [4] : 
The column vector x is the system states of abstract model, containing 9 states: two dimensions speed, the angle and attitude of yaw:
The nonlinear system can be described by the subsystem of hybrid systems (5) . The transition condition between the modes should be determined according to the system condition. Invariant sets is computed as safety in section III.
INVARIANT SETS An (positive) invariant set of a dynamic system is a subset of the state space that once the state enters this set it will remain in it for all future times in it [15] 
for all t>0.
Where ( ) x t is the subset of the dynamic at time of t and X is a subset of the state space.
Consider the continuous dynamic system
Where f : ( )
From the theorem, a necessary and sufficient condition for system (9) is every point on the boundary κ ∂ is directed into the set. This can be expressed as below:
Where ( ) n x κ denotes a normal to κ ∂ at x . The invariant set is described by an inequality
( ) V x which defines the invariant set is a function of x .
There are two important families of invariant sets. These are the classes of ellipsoidal sets and polyhedral sets. Mode transition dynamic system or continuous systems have these types of invariant sets.
A Ellipsoidal sets
Ellipsoidal sets are used widely as invariant sets in continuous system. From the existence of a quadratic Lyapunov function for such system and that level sets of Lyapunov functions are invariant sets [15] . A corollary can be deduced from it:
A has all non-positive real-part eigenvalues , then the system has ellipsoidal invariant set.
Ellipsoidal sets are popular invariant sets. An ellipsoidal invariant set can be expressed as follow:
0 P is symmetry matrix, and a x is the center of the ellipsoidal invariant. The invariant sets can be computed as convex optimization problems as follows.
Minimize log det
Where
and P is positive definite. This is convex optimization problem and can be solved by LMI tools [16] . As an ellipsoidal invariant problem, this set can be computed as follows:
Given a set of initial states 0 δ , the condition 0 δ δ ⊆ can be formulated as a linear matrix inequality using the so called S-procedure [14] . It can be described as follow: The LMI is change as follow by a slight variation. The above property can be easily extended to the case of an uncertain pair (A, B) .
B Polyhedral sets
In fact, polyhedral sets are often natural expressions of physical constraints on states and control variable to the invariant sets. However, the shape of the polyhedral sets is more flexible than that of the ellipsoid, this leads to better approximation to the invariant sets and domain of dynamic systems. This flexible property makes polyhedral sets more representation in the computation.
A polyhedral set can be represented in the following form [15] :
where F is a r n × matrix, and 1 r R ∈ denotes a vector of the form [ ]
The computation of polyhedral invariant sets is difficult than the computation of an ellipsoidal sets. There are mainly two methods to constructive the polyhedral invariant sets: iterative methods which use a backward procedure to compute the invariant sets [15] and eigenstructure analysis/assignment methods.
Invariant set can be computed by the iterative methods as follow algorithm.
Algorithm 1
Initialization Eigenstructure analysis/assignment method is another efficient method. Some contributions show how to determine invariant sets included in polyhedra of the form ( , ) { :
A stabilizing control law u Kx = is assigned [17] . In this paper, polyhedral invariant sets is considered.
Invariant sets for hybrid systems can also be computed by iterative method.
IV. MP-QP OF HYBRID SYSTEMS
A Optimal control of hybrid systems
Consider piecewise affine hybrid systems (5),
, the finite-time optimal control problem of constraint hybrid systems can be defined as follow: As model predictive control method in [9] , the optimal control vector
Once (0) x is changed, the control input should be calculated again, so it is an on-line optimal control problem. Consider problem (24) 
B Explicit controller design
State polyhedron partitions are obtained by multiparametric program in [13] , the piece-affine property of control law and value function is also proved. This method is extended to hybrid systems in this section, and explicit controller of hybrid systems is designed by dynamic program. Theorem 2 ： Consider the hybrid systems optimal control problem (24), the optimal control vector can be described as piece-affine control law (26):
The performance index is defined as follow:
In (26) and (27), 
,
If there is a problem that the constraints in optimal control (30) is time varying, piecewise affine feedback control law can be obtained by multi-parametric quadratic method.
As the equivalence between mixed logic dynamic (MLD) model and piecewise affine model for the optimal control problem (30), multi-parametric mixed integer quadratic method based on MLD model is used in [10] . In order to improve computation efficiency, one step back multi-parametric dynamic program [7] is extended to hybrid systems optimal control. The back reachable set is computed to design optimal controller.
Consider the optimal control problem (24) by dynamic program: 
The boundary is:
The problem of dynamic program (31) can be solved by back dynamic for multi-parametric mixed integer quadratic method. Consider the first step in dynamic program:
The optimal problem (32) for PWA hybrid system can be divided into s problems for one step multi-parametric program (s is the amount of the sub-system). In theorem 1, With the maximal controllable invariant set in [11] , maximal set in initiate set is set as feasible set. The explicit controller can be obtained in the following steps:
1..The maximal controllable invariant set is computed by iterate method; 2. Set the invariant set as the feasible set, solve the optimal problem (24) by mp-qp method, invariant set is divided into efficient domain, and the back step reachable set, piecewise control and value function are computed to the corresponding partitions.
3. Given an initial states, the optimal can be obtained according to the partitions Consider the bounded disturbance in the explicit controller design, the robust controller can be computed by Pontryagin difference calculation for states set and disturbance [12] .
V. SIMULATION
According to the explicit controller design method in section 3, the optimal controller is designed for system (5) based on the PWA model on equivalent points hover and 3m/s. Optimal controller design can be included as follow:
1. Construct the PWA model on UAV; 2. Maximal controllable set is computed as feasible set in flight envelop.
3. The explicit function between control input and states is computed based on mq-qp method.
4. Compute the optimal resolution on the states of UAV.
The UAV X-Cell 60SE is selected as model machine. After trimming calculation, order reduced and discretization, the dynamic on equivalent points can be described as follow: Fig.5 and Fig.6 , The system states and output return to equilibration point although with bounded disturbance. Fig. 7 and Fig.8 show the input control ad system disturbance. Consider bounded disturbance, set the maximal robust controllable invariant sets as feasible domain, the optimal controller can be obtained by Pontryagin difference calculation for reachable set and disturbance set.
VI.CONCLUSION
Based on the method of paper [7] , bounded disturbance is considered in this paper. Constrained optimal control problem for unmanned helicopter is studied in this paper. UAV System is abstracted and modeled by PWA hybrid systems first, multi-parametric quadratic program method is proposed to off-line computed optimal control law for real time control. In the feasible domain which is the maximal controllable invariant set, optimal control is computed in each step by back dynamic program. The optimal controller can be obtained by Pontryagin difference calculation for reachable set and disturbance set. The simulation result proves the validity of this method at the end of this paper.
